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The incorporation of clean energy sources in the power system is a topic of discussion almost everywhere. After the “wind 
(farms) of change”, small, dispersed, urban photovoltaic (PV) generators are being installed in the roofs of the buildings, 
connected to the local Low Voltage (LV) grid. A boost in this type of renewable micro generation is expected in the near 
future. Due to the domestic loads, LV grids are inherently unbalanced, its analysis requiring the use of three-phase load flow 
methods. This same methodology is used in this paper to assess the problem of the concurrent unbalanced generation and 
load and to cope with the presence of both single and three-phase equipment in the same grid. A review of existent models for 
three-phase equipment is performed. The issue of modelling three-phase loads (isolated star and delta connected) and single-
phase PV generators and associated power electronics is given special attention. Finally, a case-study is presented, enabling 
to draw some conclusions regarding the impacts on the Medium Voltage (MV) grid and the behaviour of the system facing 
different climacteric conditions. 
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1. Introduction 
 

Nowadays, it is apparent that the price of fossil fuels presents, a steady increasing trend, in the long term. 

Furthermore, there is little evidence that the overall electricity rate of consumption is going to diminish significantly in 

the next years. As far as the electrical supply is concerned, this situation is serious. 

Therefore, the need to reduce the dependency of electrical energy production from fossil fuel sources, together with 

growing environmental concerns and the need of a more efficient use of energy, require some counter measures to be 

undertaken. Two types of actions can be envisaged: on one hand, actuating at the generation level, by promoting the 

incorporation of renewable energies; on the other hand, working at the demand side level, namely by reducing the net 

overall load, as seen by the electrical system. 

In fact, renewable sources are already a significant component of the utility generation mix. Among the renewable 

energies, wind power has experienced a huge development in recent years and is regarded today as a mature 

technology. Wind generators are already a part of the landscape all over the world, but mainly in the EU and USA, and 

its operational experience has been quite positive, so far. These units, gathered in the popular wind farms sized in the 

range of 10-100 MW, are usually connected to the Medium Voltage Distribution Network (MV DN), or, rarely, to the 

High Voltage Transmission Network (HV TN), if its size so imposes. 

As a consequence, the power flow between the TN and the now active DNs is no longer unidirectional but actually, it 

can be bidirectional. The power can flow ‘vertically’, from higher levels to the lower voltage levels, or vice-versa, and 

also ‘horizontally’, from one MV DN to another or from a generator to a load within the same MV DN. This new 

paradigm has been intensely studied over the last years and a great number of technical solutions can be found in the 

literature. 

In contrast with the large scale wind power “business as usual”, little efforts have been made to reduce the net load 

as seen from the electrical system. Even assuming that the straightforward reduction of the rate of electricity 

consumption is not easily compatible with the development and welfare of the populations, the same target can be 

accomplished in an indirect way, by producing locally part of the electrical energy consumed and thus providing some 

local compensation. The use of renewable energy sources to produce that electrical energy would turn the idea in an 

even better one. That is why, recently, governments are encouraging the installation of small urban photovoltaic (PV) 

units (usually in the roofs of the buildings), typically sized in the range of some kW, in the framework of the so called 

micro-generation. 

As far as the conventional load flow problem in the HV TN, or even in MV DN, is concerned, the power system is 

assumed to be balanced. Therefore, a single-phase positive sequence analysis can be performed and it holds true. This is 

not, however, the case of the Low Voltage Distribution Networks (LV DN), which is inherently unbalanced due to the 

unbalance of the domestic loads. The technical solution to this case is the so called three-phase load flow, in which each 

phase is separately treated [1–4]. 
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Several studies were performed on the impact’s assessment of micro-generation in LV distribution networks 

considering the expected increase in its penetration levels, see for instance [5–8]. Some technical aspects have been 

investigated, such as: power quality [9–10], voltage profile variations in the network [11], unbalanced voltages [12] 

network protection schemes [13] and the maximum amount of Distributed Generation (DG) that may be installed 

without requiring major changes in the existing electric power system [14–15].  

The inclusion of distributed micro-generation is bound to raise new issues, particularly as far as the voltage profile of 

the network is concerned. Especially in rural networks, which are far from the substation transformer, the emergence of 

generation where there once was only consumption will most certainly contribute to a rise in the voltage level. This is 

because an excess of generation will substantially decrease the load seen from the point of view of the electric system, 

thus increasing the voltage on that bus, in a phenomena known as overvoltage.  

Several solutions have been provided to cope with overvoltage issues, see for instance [16–20]. In broad terms, one 

can say that they include generation curtailment, power factor control through power electronics devices, transformer 

tap changing and battery storage. Generation curtailment is a well-proven solution, but quite troublesome from the point 

of view of the producers, since they aren’t keen of losing money. Power factor control is not a straightforward solution, 

due to the low inductive component of the LV cables, but may prove effective [21–23]. Transformer tap changing [24], 

while efficient, may prove not very cost-effective, due to the need of power transformers replacement in substations. 

Energy Storage Systems (ESS), namely batteries, are a recently proposed solution to cope with the overvoltage issue 

[25–28]. The obtained results show the effectiveness of the solution, as a way to achieve overvoltage mitigation, while 

preserving the producers’ revenues. 

An issue that has been given little attention till now is the voltage unbalance as measured at the substation MV 

busbar. It is expected that with micro-generation increase in LV DN, the voltage unbalance will increase too, but the 

literature is not as profuse as it is as far as the overvoltage issue is concerned. [29] presents a dynamic model that is 

used to investigate the degree to which small-scale embedded generators contributes to voltage unbalance in a generic 

LV network. A Monte Carlo based methodological approach that allows an adequate assessment of micro generation 

impacts on radial distribution networks voltages can be found in [30]. Moreover, a voltage imbalance sensitivity 

analysis and stochastic evaluation based on the ratings and locations of single-phase grid-connected rooftop PVs in a 

residential low voltage distribution network is available in [31]. In [32] and [33] a technique to mitigate the voltage 

unbalance in LV DN with a high penetration of PV system by using a controllable Energy Storage Unit is investigated. 

To dynamically reduce voltage unbalance along LV distribution feeders, a distributed intelligent residential load 

transfer scheme is proposed in [34]. In this scheme, residential loads are transferred from one phase to another to 

minimize voltage unbalance along the feeder. [35] reports that voltage unbalance in radial DN with single-phase PV 

systems is assessed for each 10-min interval by means of a probabilistic radial three-phase load flow, thus allowing to 

highlight the PV penetrations that can produce voltage unbalance problems. 

The three-phase load flow in a context of unbalanced loads is nowadays currently used, and the algorithms to solve it 

are well known and fully documented. That is not the case, however, if single-phase local generation is to be 

considered. There is a scarce knowledge of the behaviour of the LV DN in presence of concurrent unbalanced 

generation and loads. The multidimensional stochastic dependence structure of the joint behaviour of the generation and 

load can be very complex to model. Furthermore, in a LV DN both three-phase and single-phase equipment can be 

found – transformers, loads, cables, and even generators, together with power electronics devices. This turns the 

problem in an even more complex one. 

In this paper, the problems identified above, voltage unbalance and joint presence of single-phase and three-phase 

equipment, in LV DN are addressed using the three-phase unbalanced load flow as a base methodology. Firstly, a 

review of the models of the three-phase equipment is performed. Special attention is dedicated to the three-phase loads 

models, introducing a methodology to deal with ungrounded wye and delta connected loads. Then, the single-phase 

equipment is assessed, namely the PV generators and the associated power electronics. As it is a key issue, the 

interaction of both three and single-phase equipment in the same LV DN is dealt with. Finally, a case study of a test LV 

DN is presented and some results regarding the impact of the distributed PV generation both in the LV DN and MV DN 

are shown. 

 

2. Three-phase components models 

 

The three-phase components of a power system can be: generators, transformers, trans-mission lines, cables and 

loads. All of these components are well documented in the literature, except the loads. Therefore, we will present only 

the basics for the other equipment and will pay special attention to the three-phase loads models. 

It should be kept in mind that the models are to be described based on the well-known nodal equations (1), in which 

[Y] is a 6x6 matrix, to represent the three phases separately: 
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2.1. Synchronous Generator Model Basics 

 

The synchronous generator model is the conventional e.m.f. behind impedance model, developed after the 

symmetrical (1,2,0 – positive, negative, zero) impedances, which are transformed to the phase system (a,b,c), through 

the Fortescue transformation. In matrix notation the model is as follows: 

 

[ ]

[ ]

[ ] [ ]
[ ] [ ]

[ ]

[ ]



























−

−
=

















−−

−−

i

abc

k

abc

abcgabcg

abcgabcg

i

abc

k

abc

V

E

ZZ

ZZ

I

I

11

11

                      (2a) 

 

In Eqs (2a) E is the generator balanced internal voltage behind impedance, busbars k and i, represent the generator 

internal and terminal buses, respectively, and ([T] is the Fortescue transformation matrix): 
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It is assumed that the generators are equipped with a voltage regulator. This regulator measures the generator 

terminal bus voltages (bus i), and acts on the rotor circuit in order to maintain the average of the busbar i phase voltages 

magnitudes in a specified value. 

 

2.2. Transformers Model Basics 

 

The three-phase transformers are represented by an ideal transformer, with a complex transformation ratio, m, in 

series with the transformer short-circuit impedance. Both positive and negative sequence impedances are equal to the 

short-circuit impedance. However, the zero sequence impedance depends both upon the constructive characteristics and 

the specific windings connection scheme of the transformer. 

The transformer is firstly represented by its symmetrical admittance matrix (ycc is the short-circuit admittance and X 

represents the zero sequence admittance, whose dependence has been stated above; moreover, subscript p refers to 

primary winding and subscript s refers to secondary winding): 
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Fortescue transformation is then applied in order to obtain a representation of the transformer model in phase 

coordinates. In matrix notation, the transformer model becomes: 
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2.3. Transmission Lines and Isolated Cables Model Basics 

 



J. Electrical Systems

 

The transmission line and isolated cable models are derived considering tha

conductors (a,b,c), a neutral wire (n) and a ground wire (g). 

As Kron reduction technique is acceptable when neutral and ground currents are not of interest [1], this technique 

was used and the effects of both the neutral and the ground wires are taken into consideration, in both

impedance matrix [ZL] and transversal admitta

isolated cable model. 
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2.4. Load Model 

 

Special attention will be given to the loads models, as this is an innovative aspect in what 

load flow formulation. Only constant power load models are considered in this paper.

These loads are modelled through constant specified per phase powers. If the load has a grounded wye connection, 

there is no problem in specifying the per phase power

connected load or an ungrounded wye connected load, some computations have to be performed to obtain the per phase 

power. 

 

Delta connected load 

The aim is to evaluate the per phase power from the knowledge of the load power and the phase voltages. Fig.

shows a scheme of a delta connected load.

 

Figure 1: Delta connected load 
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load flow formulation. Only constant power load models are considered in this paper. 

These loads are modelled through constant specified per phase powers. If the load has a grounded wye connection, 

the per phase power, as the three phases can be separately treated

connected load or an ungrounded wye connected load, some computations have to be performed to obtain the per phase 

the per phase power from the knowledge of the load power and the phase voltages. Fig.

shows a scheme of a delta connected load. 
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The line currents are then computed after Kirchhoff’s Laws and the equivalent per phase powers are as follows:
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t the line is composed by three-phase 

hnique is acceptable when neutral and ground currents are not of interest [1], this technique 

was used and the effects of both the neutral and the ground wires are taken into consideration, in both longitudinal 

-phase transmission line / 

         (4) 

Special attention will be given to the loads models, as this is an innovative aspect in what concerns the three-phase 

These loads are modelled through constant specified per phase powers. If the load has a grounded wye connection, 

, as the three phases can be separately treated; however, for a delta 

connected load or an ungrounded wye connected load, some computations have to be performed to obtain the per phase 

the per phase power from the knowledge of the load power and the phase voltages. Fig. 1 
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Ungrounded wye connected load 

For the ungrounded wye connected loads, it is a little bit more complicated, as it is necessary to calculate the neutral 

voltage (Vng neutral-ground voltage). Fig. 2 depicts a scheme of an ungrounded wye connected load. 

 

 
Figure 2: Ungrounded wye connected load 

 

The currents can be evaluated through: 
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Eqs (7) are not sufficient to calculate the three line currents plus the neutral to ground voltage. To obtain the 

additional equation that is required, one must keep in mind that the sum of the three line currents must be equal to zero, 

Ia+Ib+Ic=0. 

As the set of obtained equations is non-linear, the use of an iterative method is required. Once the convergence is 

reached, and the line currents are known, the calculation of the equivalent per phase powers is straightforward: 
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3. Single-phase components models 

 

Four types of single-phase components are addressed: cables, transformers, photovoltaic (PV) generators and 

inverters. The models used for each of these components follow: 

 

3.1. Single-Phase Cables and Transformers Models 

 

In single-phase cables the neutral is taken into account both in the series impedance and shunt admittance parameters 

of the cable. In matrix notation, the model of a single-phase cable is similar to the model of a three-phase cable and is 

given by: 
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Regarding the single-phase transformers, it is assumed that the tap ratio is fixed and equal to the nominal value of the 

transformation ratio in pu. Therefore, m=1. Thus, the 2x2 matrix shown in Eq. (10) is used to describe the single-phase 

transformer (ycc is the short-circuit admittance): 
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As mentioned before, the three-phase load flow algorithm deals with 6x6 admittance matrices. For this reason, the 

2x2 matrices of Eqs (9) and (10) are transformed in the following 6x6 general type matrix: 
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Matrix (11a) applies for branches connecting two single-phase busbars. For a branch connecting a single-phase bus 

to a three-phase bus, the following admittance matrix applies: 
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In matrix (11b), if the connecting single-phase on the three-phase bus is phase a, then all six admittances with 

superscript b and c are set to 0. A similar rule applies for connecting phases b and c. 

 

3.2. PV Generator Model 

 

The used PV model is based on the equivalent circuit presented in Fig. 3. That is the three parameters (m, Is and I0) 

and one-diode model, where the I-V characteristic is represented by: 
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Figure 3: Photovoltaic equivalent circuit
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In Eqs (13), ε is the silica’s characteristic, 

series connected cells that compose a PV module), the superscript 

and subscripts SC, OC, MP refer to short

Due to the MPPT (Maximum Power Po
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Due to the non-linearity, Eq. (14) is computed using Newton’s iterative method.

The one-diode and three parameters model is found to represent the electrical behaviour

adequate degree of accuracy [37]. 
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In Eq. (15), the first harmonic RMS value of AC voltage is denoted by 
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4. Case study application 
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Figure 4. LV test network single-line diagram
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circuit positive, negative and zero sequence impedances as seen from the MV busbar. 

circuit currents in the MV busbar. In this 

=100MVA, Vb=15kV). 

phase loads. The distribution of the unbalanced nominal load among phases a, 

voltage unbalance, as a function of different 

, for instance, climacteric conditions, load values, load unbalance, generation unbalance. The 

voltages: 

        (16) 

randomly distributed among the 23 load buses 

llowed injected power in the busbar. This depends 
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on the nominal load at each bus. The characteristics of both the PV module and associated inverter are randomly chosen 

among several equipment available in a built-in data base. The case-studies change with respect to the solar irradiance 

(G), ambient temperature (Θamb), load utilization factor (K) and some variations in the PV generation and load in 

phase b. Table I shows the case-studies description. 

 

Table I: Case-studies description 

 
 

As the PV generators are connected to the buses in a random way, 1000 simulations are performed for each case-

study and the result is the average of the obtained results in each run. 

Table II shows the results obtained for the voltage unbalance computed at the MV busbar, in the situations of 0 and 

27 PV generators. The situation of no PV generation has been included for comparison purposes. 

 

Table II: MV busbar voltage unbalance (%) 

 
 

Some conclusions may be derived from Table II: 

• The voltage unbalance is low in absolute value. 

• When the network unbalance increases due to the unloading of phase b, this is reflected in the voltage 

unbalance, which is higher. 

• The introduction of PV generation leads to a significant increase in the voltage unbalance when the load is low 

(CS#2), the PV generators are included in an unbalanced manner (CS#5) and when there is a phase unbalance 

(high PV and low load – CS#7). 

• In all other situations the voltage unbalance is decreased, this effect being more apparent when the PV 

generators produce more. 

 

4.2 Simulation#2 – MV busbar unbalance computation as a function of the number of PV generators 

 

A second set of simulations was run to show the voltage unbalance at the MV bus as a function of the number of PV 

generators. Bearing this aim in mind, the number of PV was changed from 0 (0%) to the maximum of 27 (100%). For 

CS G (W/m2) θθθθamb (ºC) K Remarks

1 1000 35 1 Hot and sunny day; nominal load

2 1000 35 0,25 Hot and sunny day; low load

3 300 10 0,7 Cold and cloudy day; average load

4 800 25 0,7 PV normal operating conditions; average load

5 800 25 0,7
PV normal operating conditions; average load; 

increase PV in phase b

6 800 25 0,7
PV normal operating conditions; average load; 

unload phase b

7 800 25 0,7
PV normal operating conditions; average load; 

increase PV in phase b + unload phase b

8 800 25 0,7
PV normal operating conditions; average load; 

decrease PV in phase b + unload phase b

CS PV=0 PV=27 Diff (% )

1 0,0114 0,0090 -21%

2 0,0028 0,0035 24%

3 0,0079 0,0070 -12%

4 0,0079 0,0065 -18%

5 0,0079 0,0149 88%

6 0,0513 0,0507 -1%

7 0,0513 0,0599 17%

8 0,0513 0,0464 -9%
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each number of PV generators, a random

carried out. 

The obtained distribution of the increasing numbe

instance, when all the 27 PV generators are connected (100%) the random distribution returned that 27% are connected 

in phase a, 32% in phase b and 41% in phase 

 

Figure 5: PV generators distribution among each phase; case

 

Fig. 6 display the voltage unbalance at the MV busba

function of the number of connected PV generators, with the phase distribution as depicted in Fig. 5

concerned, the hatched line represents the voltage unbalance with no PV gene

trend of MV voltage unbalance. 

As expected the results from Fig. 6 show great dispersion, as a consequence of the random procedure being 

implemented; however, it can be seen that the voltage unbalance shows a statis

PV generators increases, which is a relevant result

 

Figure 6: Voltage unbalance at MV busbar; case

 

4.3 Simulation#3 – Influence of changing climacteric conditions 

 

Finally, a third set of simulations was performed in order 

and ambient temperature along the day.

ambient temperature (Θamb), for both summer and winter days, are shown in Fig.
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random distribution both among the load single-phase and three

The obtained distribution of the increasing number of PV generators among phases a, b and 

instance, when all the 27 PV generators are connected (100%) the random distribution returned that 27% are connected 

and 41% in phase c. 

 
PV generators distribution among each phase; case-study 1 

6 display the voltage unbalance at the MV busbar for case-study 1 (hot and sunny day, nominal load), as a 

function of the number of connected PV generators, with the phase distribution as depicted in Fig. 5

the hatched line represents the voltage unbalance with no PV generators and the solid line represents the 

As expected the results from Fig. 6 show great dispersion, as a consequence of the random procedure being 

t can be seen that the voltage unbalance shows a statistical descending trend as the number of 

, which is a relevant result. 

 
Voltage unbalance at MV busbar; case-study 1 (hatched line: PV=0; solid line: trend

Influence of changing climacteric conditions in the MV/LV transformer power flow

Finally, a third set of simulations was performed in order to assess the impact of the variation of both solar irradiance 

and ambient temperature along the day. The considered typical pattern of variation for the solar 

amb), for both summer and winter days, are shown in Fig. 7.  
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phase and three-phase busbars was 

and c is shown in Fig. 5. For 

instance, when all the 27 PV generators are connected (100%) the random distribution returned that 27% are connected 

study 1 (hot and sunny day, nominal load), as a 

function of the number of connected PV generators, with the phase distribution as depicted in Fig. 5. As far as Fig. 6 is 

and the solid line represents the 

As expected the results from Fig. 6 show great dispersion, as a consequence of the random procedure being 

tical descending trend as the number of 

; solid line: trend) 

in the MV/LV transformer power flow 

iation of both solar irradiance 

pattern of variation for the solar irradiance (G) and 
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Figure 7: Typical daily variation of solar irradiance and ambient temperature in summer and winter

 

Three simulations were run: a) No PV generators on the grid; b) 19 PV generators randomly connected in the 

available single-phase and three-phase busbars, working on a typical Summer day; c) Equal to b) but in a typical Winter 

day. It should be mentioned that for simulation c) the PV generators are located in the same places as for simulation b), 

in order to allow comparisons to be performed.

the day, for each simulation conditions stated a

From Fig. 8 one can observe a reduction of the effective lo

that time. As expected, the load reduction as seen from the MV/LV transformer is more noticeable in summer than in 

winter. However, as the peak power happens at night time, 

operate at night hours. 

 

Figure 8: Daily active power in the MV/LV transformer, without PV and with PV in typical summer and winter days

 

5. Conclusion 

 

The impact of the urban photovoltaic generation in the Low Voltage grid was assessed in this paper. This was found 

to be an important issue as both stochastic generation and load coexist in these type of grids, which is a quite innovative 

aspect. The used tool at hand was the three

Models for both three-phase and single

with mixed three and single-phase busbars.

With the help of a test LV network, some case

new operation mode of these grids in the MV s

the unbalance between generation and load increases.

Moreover, it was found that, in spite of the results showing a great dispersion, when the number of connected PV 

generators increases, the voltage unbalance presents a slightly decrease trend.

Voltage Unbalance in Low Voltage Networks with Single-phase .
 

 
Typical daily variation of solar irradiance and ambient temperature in summer and winter

hree simulations were run: a) No PV generators on the grid; b) 19 PV generators randomly connected in the 

phase busbars, working on a typical Summer day; c) Equal to b) but in a typical Winter 

at for simulation c) the PV generators are located in the same places as for simulation b), 

in order to allow comparisons to be performed. Fig. 8 displays the active power flow in the 

the day, for each simulation conditions stated above. 

8 one can observe a reduction of the effective load in the diurnal hours, resulting from the PV injections at 

As expected, the load reduction as seen from the MV/LV transformer is more noticeable in summer than in 

winter. However, as the peak power happens at night time, no peak reduction is achieved, 

 
aily active power in the MV/LV transformer, without PV and with PV in typical summer and winter days

The impact of the urban photovoltaic generation in the Low Voltage grid was assessed in this paper. This was found 

as both stochastic generation and load coexist in these type of grids, which is a quite innovative 

aspect. The used tool at hand was the three-phase load flow, as the operation mode is unbalanced.

phase and single-phase equipment were presented, as well as a method to deal with netwo

phase busbars. 

With the help of a test LV network, some case-studies were analysed with the aim of evaluating the impact of the 

new operation mode of these grids in the MV system. It was found that the voltage unbalance is increased, whenever 

the unbalance between generation and load increases. 

Moreover, it was found that, in spite of the results showing a great dispersion, when the number of connected PV 

, the voltage unbalance presents a slightly decrease trend. 

phase ... 

Typical daily variation of solar irradiance and ambient temperature in summer and winter days 

hree simulations were run: a) No PV generators on the grid; b) 19 PV generators randomly connected in the 

phase busbars, working on a typical Summer day; c) Equal to b) but in a typical Winter 

at for simulation c) the PV generators are located in the same places as for simulation b), 

 MV/LV transformer along 

ing from the PV injections at 

As expected, the load reduction as seen from the MV/LV transformer is more noticeable in summer than in 

 as the PV modules do not 

aily active power in the MV/LV transformer, without PV and with PV in typical summer and winter days 

The impact of the urban photovoltaic generation in the Low Voltage grid was assessed in this paper. This was found 

as both stochastic generation and load coexist in these type of grids, which is a quite innovative 

phase load flow, as the operation mode is unbalanced. 

e presented, as well as a method to deal with networks 

studies were analysed with the aim of evaluating the impact of the 

ystem. It was found that the voltage unbalance is increased, whenever 

Moreover, it was found that, in spite of the results showing a great dispersion, when the number of connected PV 
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Finally, the behaviour of the system facing different climacteric conditions was also analysed, through the 

monitoring of the power flow in the MV/LV transformer. As seen from the MV grid, the PV generation acts as a 

reduction in the effective load. However, no peak-load was achieved as the peak occurs usually at night, a time frame in 

which there is no sun power. 
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